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Abstract. We prove the existence of a new type of solutions to a nonlinear 
Schrodinger system. These solutions, which we call multi-speeds solitary waves, 
are behaving at large time as a couple of scalar solitary waves traveling at 
different speeds. The proof relies on the construction of approximations of the 
multi-speeds solitary waves by solving the system backwards in time and using 
energy methods to obtain uniform estimates. 



1. Introduction 
We consider the following nonlinear Schrodinger system: 

id t ui + Aux + pLi\ui\ 2 ui + /3\u 2 \ 2 ui = 0, 

2o,_ i fll.,. 12, 



id t u 2 + Au 2 + [i 2 \u 2 \ 2 u 2 + j3\ui\ 2 u 2 = 0, 



where for j = 1, 2 we have u 3 ■ : E x R d -> C, d = 1, 2, 3, fXj > 0, and /3 G E \ {0}. 
This type of systems appears in various physical settings, for instance in nonlinear 
optics (see e.g. [jj] and the references cited therein). From the mathematical point 
of view, there has been recently an increasing interest fo r (p] ) and its stationary 
versions (see, among many others, [g, @, |l^, [l7], [l8|, ||^, |26|]). 

When u\ = or u 2 = 0, the system ^l|) reduces to the scalar Schrodinger equation 

(2) id t u + Au + li\u\ 2 u = 0. 

It is well known that (^|) admits solitary waves (see |l4| , ^T[), which are solutions 
with a fixed profile, possibly rotating and traveling on a line (see Theorem [l] and 
Section || for more details). If R\ denotes a solitary wave solution to (|J), then 
0) T is trivially a solution to (|l|). If R 2 is another solitary wave solution to (^), 
then, due to the nontrivial interaction /3 =^ 0, the couple R 2 y has no reason to 
be a solution to ([!]). Nevertheless, our goal in this paper is to exhibit solutions of 
(0) behaving in large time like a couple of solitary waves (Ri,R 2 ) J , provided the 
relative speed of the solitary waves is large enough. We call such solutions multi- 
speeds solitary waves. To our knowledge, this is the first time that such solutions 
are exhibited for Schrodinger systems. Our main result is the following. 

Theorem 1. For j = 1,2, let uj > 0,-fj € E, Xj,Vj € R d , and ^ e H 1 ^) 
solution to 

(3) A<!>, • <!>, <1>, -<!. ; I). fye&Ql*). 
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Define 
(4) 

(5) 



Rj(t, x) 



■x+li) 



\vi-v 2 \, 



There exists > such that if > uj 
speeds solitary wave (mi,M2) t solution of 
t € [To, +oo) the following holds: 



'-r$j(V UJ j( x - v 3 t - x 3))> 

Mi 

- min{wi,a;2}. 

i/ien i/iere exists Tq € K and a raulti- 
defined on [Tq,+oo) smc/i that for all 



(6) 



«a(*) 



i2a(t) 



< e" 



H 1 xH 1 



The strategy of the proof of Theorem [l] is inspired by the one developed for the 
study of multi-solitons for scalar nonlinear Schrddinger equations in 11, 12|, [jl], Q . 
The idea is to solve ([!]) backward in time taking as final data at the final time T n a 
couple of solitary waves, where T n is an increasing sequence of time. In this way, we 
define a sequence of solutions to (Q) which are approximated multi-speeds solitary 
waves. Then the proof relies on two main steps. First we show that the approximate 
solutions satisfy the required estimate (|J) on a sequence of time- intervals [To,T n ], 
with Tq independent of n (see Proposition |2|) . Then we prove that the sequence 
of initial data obtained at To is compact (see Proposition ||). Therefore, we can 
extract an initial data giving rise to a solution of ([!]) which satisfies the conclusion 
of Theorem |l|. 

Our approach is very flexible and can probably be extended to many other 
situations. We do not need many of the technical features present in 11, [l2|, [l9| 
p0[ like modulation theory or localization procedures. Neither do we require any 
assumptions on the attractiveness (/? < 0) or repulsiveness (/? > 0) of the coupling, 
or on the strength of the nonlinearities /Lti, \i 2 - Whereas it is common when working 
with solitary waves to consider only ground states profiles $^ of (||), in our case, 
as in pi , the profiles can be ground states or excited states. Our only limitation 
is the assumption on large relative speed which is due to technical restrictions 
when proving the uniform estimates (see Section |j) . 

The rest of the paper is divided as follows. In Section g, we gather some useful 
facts about scalar nonlinear Schrddinger equations and their solitary waves. Then 
in Section || we prove the existence of multi-speeds solitary waves assuming uniform 
estimates and a compactness result. The proof of the uniform estimates and the 
compactness result are given in Sections ^ and 

Notations. Before going further, we precise some notations. The norms of L p (R d ) 
spaces will be denoted by ||-|| LP and the norm of H 1 (M d ) by The spaces 



L 2 (l 



L 2 (R d ) and H 1 



H 1 (M d ) are endowed with the norms 



\ui\\ 2 L 2 



= \/\\ u i\\m + IMIffi- 



H 1 xH 1 



L 2 xL 2 

When writing vectors inside the text, we will use the superscript j to denote the 

transpose of a vector, that is: (u\, U2) 1 = [ Ul ) . The derivative with respect to the 

\u 2 J 

time t will be denoted either by or simply <9 t . Throughout the paper the letter 
C will denote various positive constants whose exact values may change from line 
to line but are of no importance for the analysis. 
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2. Scalar solitary waves 

In this section we summarize the results on scalar solitary waves that we will 
need for the proof of Theorem |l|. For more on scalar Schrodinger equations, the 
reader can refer to [|[ ^ij and the references cited therein. Consider the scalar 
Schrodinger equation 

(7) id t u + Au + no\u\ 2 u = 0, 

where fi$ is a positive constant. 

The energy, mass and momentum, defined as follows, are conserved along the 
flow of (0). 

E(u,Ho) ■= ^\\^uf L 2 - ^-\\u\\ 4 L 4, M(u) := -\\uf L2 , P(u) := J uWudx. 

A basic solitary wave u is a solution of (0) of the form u(t, x) — -£=<£> (cc), where 
$ is a solution of 

(8) - A$ + $ - |$| 2 $ = o, $eir 1 (R d ). 

The existence and properties of solutions to equations of the type (|8|) are well-known 
(see e.g. the fundamental work of Berestycki and Lions || All solutions to (||) 
are smooth and exponentially decreasing. Precisely, for all 77 < 1, for all solutions 
$ to (||), and for all x G R d , there exists C$ > such that the following estimate 
holds: 

|$(x)| + |V*(x)| «C Cte-^l. 
Equation (0) admits a unique ground state, i.e. a positive and radial solution which 
minimizes among all solutions the action S :— E(-, 1) + M. In dimension d ^ 2, 
there exist also infinitely many other solutions called excited states. Apart when d = 
1, the classification of solutions to (||) is still an active research area. Classification 
of radial solutions was completed recently in the works J^, 10 . Among non radial 
solutions we mention the vortices, which were first constructed by Lions ]T^ ]. In 
dimension 2, a vortex is a solution of (||) of the form $(p,0) — e tme ^{p) where 
(p, 9) are polar coordinates and m £ R. In this work, we treat any type of solutions 
to (§. 

Invariances by scaling, translation, phase shift and galilean transform generate 
a (2d + 2)-parameters family of solitary waves solutions to ( |7j). Precisely, let ojq > 
0,70 € R, xq,v G R d , and take $ G H 1 (M. d ) a solution to (|). Then i? defined 

by 

(9) R (t,x) -e^-^+i^+^.^o^ix-vot-xo)) 

V Mo 

is a solution to (fjj). Note that, for t fixed, i?o(^ ■) is a critical point of the functional 
So defined by 

(10) S :=E(-,n )+(Lj a + ^)M + v -P. 



Coercivity properties of linearizations of So-like functionals will play an important 
role in our analysis. We define the linearized action Ho for t G K and e G H 1 {R d ) 

by 

(11) H (t,e):=(Sg(Ro{t))e,e). 
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Lemma 1 (Scalar Coercivity). Take u > 0, 70 £ R, x ,v Q £ R d , $ € H 1 (R d ) 
a solution to (|J) and let Rq be the solitary wave solution of (Q) given by (^J), So 
and Hq the Junctionals given by (M)-(O). Then there exists cq > 0, vq G N, and 
a family of normalized functions £Lr(R d ); ||Co IIl 2 = 1> ^ = 1 , ■ - ■ , i^o } smc/i t/iai 
/or a// 1 G R and /or all e £ iJ 1 ^) we have 

co\\ef H1 <ff (t,e) + 2(^«D(*))ai 
k=l 

where by £g (t) we denote the functions defined by 

$(t)(x) := e i(-ot-l^+^o-+7o) (^ (a . _ ^ _ Xq) ) _ 

V Mo 

Sketch of proof. The result being classical we only recall the main arguments. Con- 
sider $ a real solution of (|J). Then $ is a critical point of the functional S = 
E(-,l) + M. For e £ J ff 1 (E d ), the functional (5"($)e,e) can be decomposed by 
writing 

(S"'($)e,e) = (Z+7&(e), ?&(£)) + (L-lm(e),lm(e)) , 
where L + ,L_ are two self-adjoint linear operators defined by: 

L+ = -A + 1 - 3|$| 2 , 

L_ =-A + l- |$| 2 . 

The operators L+ and L_ are self adjoint compact perturbations of —A + 1, hence 
their spectrums lie on the real line and consist of essential spectrum on [l,+oo) 
and a finite number of eigenvalues on (—00,77] for any 77 < 1. Hence, there exists 
Co > 0, vq G N corresponding to the number of non-positive eigenvalues of L + and 
L_ (counted with multiplicity) and a family of normalized eigenfunctions {£g £ 
L 2 (R d ); ||^|| i2 = l,k = l,...,2/ } such that 

VQ 

co\\sf H1 ^(S"(<P)s 1 e) + Y,(e,^)l 

k=l 

The conclusion of the Lemma follows by extending the arguments to complex- valued 
and applying scaling, phase shift, translations and galilean transform (see O, [l9) 
for details). □ 



3. Construction of the solution 

Starting from now and for the rest of the paper we fix for j = 1,2 a set of 
parameters ujj > 0,7j G R, Xj,Vj £ R d , and <&j G H 1 (R d ) solution to ||). Let Rj 
denote the corresponding solitary wave defined in (^]), v* the relative speed and 
the minimal frequency, both defined in (||). 

Before starting the proof, we need some preliminaries on the local well-posedness 
of ([j]) . In our setting, local well-posedness follows from classical arguments of the 
local Cauchy theory for Schrodinger equations (see e.g. |], Remark 3.3.12] and 0). 
Precisely, for any < a ^ 1 such that 2 < d _ 2cr or a = 1 and for any initial 
data (w°,m°)t G H a (R d ) x H a (R d ) there exist T* > and a solution to (Q) 
(u 1 ,u 2 ) J £ C((-T*,T*),H a (R d ) x H' T (R d )) such that (ui(0), u 2 (0)) T = (u?,u£) T . 
If in addition (u?,7i°) T G H" 1 ^) x iJ 1 ^), then the solution also belongs to 
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C 1 ({~T+,T*),H~ 1 (R d ] 

T* < +00 (resp. T* < 



x H 1 (R d )) and the blow-up alternative holds, that is if 
-00) then 



lim 



«l(*) 

tta(t) 



resp. 



fl'xff 1 



lim 



ui(*) 

«2(*) 



In the sequel, we shall mainly work with the scalar energy £?(-,//), momentum P 
and masse M defined in Section g, but we remark here that the system (|l|) admits 
its own conservation laws. Precisely, the total energy £ , the total momentum V 
(defined as follows) and the masses M of each component are conserved quantities 
for the P 1 (M d )-flow of (@): 



(12) £ 



ui(t) 
ua(t) 



:=£7(«i(t),/ii) + B(ua(t),/i2)-^ 



(13) 
(14) 



P 



«i(t)| 2 M*)l 2 = £ 

= P( Ul (t)) + P(u 2 (t)) = V 



M(m(t)) = M(u?), M(u 2 (*)) = M(u§). 

We can now define a sequence of approximated multi-speeds solitary waves. Let 
T n e I be an increasing sequence of times such that lim„_ i . +00 T n = +00. For 
each neN, let (it™, ) T be the solution of ([|) defined on the interval (T„, T n ] and 
such that the final data satisfy (u"(T"), w"(T"))t = (i?i(T n ), i? 2 (T")) T • We will 
prove that there exists some To independent of n such that for every n large enough 
(ui,U2) T is defined on [Xo,T n ] and is close to (i?i,i? 2 ) T . More precisely, we have 
the following proposition, which will be proved in Section ^. 

Proposition 2 (Uniform estimates). There exists Ujj such that ifv* > v$, then the 
following holds. There exists Tq £ R, and no € N such that for all n ^ hq and for 
all t £ [To,T n ] the following estimate is satisfied: 



(15) 



«?(*) 

u5(t) 



i2i(t) 
i?a(t) 



^ e" 



H 1 xH l 



As T n goes to +00, the sequence (li™,^) 1 " provides a better and better approx- 
imation of a multi-speeds solitary wave. What remains to show is the convergence 
of this sequence. Due to local well-posedness and uniform estimates, the main issue 
is to obtain the convergence of the sequence of initial data («"(To), uV; (To)) T . This 
is the object of the following proposition, which will be proved in Section [5[ 

Proposition 3 (Compactness). There exists [u\,u^) J £ fl" 1 (M d ) x if 1 (M d ) such 
that, possibly for a subsequence only, (u"(To), u 2 (To)) 1 —> (it",?/^) 1 strongly in 
H s (R d ) x H s (R d ) for any s £ [0, 1) when n -> +00. 

We can now prove Theorem [l]. 

Proof of Theorem [?]. Let (u\, u®) 1 be the initial data given by Proposition ^ and 
let (u 1 ,u 2 ) 1 be the solution to (Q) on [T , T°°) with initial data (ui(T ), u 2 (T )) T = 
(ii5,w 2 ) T - We show that T°° = +00 and that (ui,U2) T fulfils the conclusions of 
Theorem [l]. From Proposition^, the local well-posedness theory for (Q), and the 
boundedness in H 1 (W i ) x i/ 1 (R d ) (implied by Proposition ||), we have for t £ 
[Tq, T°°) the convergences 



H s xH s 



H 1 xH 1 



«l(t) 

ua(t) 
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where the convergence is taken strongly in H s (R d ) x H s (R d ) for any ^ s < 1 and 
weakly in H 1 ^) x H 1 ^). Consequently, we can estimate for all t G [T ,T°°): 



ui(t) 
«a(t) 



H 1 xH 1 



liminf 

ro— *-+oo 



«l(*) 



i? 2 (i) 



^ e" 



H 1 xH 1 



In particular, this implies that (iti(t), w 2 (£)) T i s bounded in x i/ 1 (R d ) on 

\Tq,T°°). Hence, the blow-up alternative implies that T°° = +oo and therefore 
(ui, ua) T satisfies the conclusions of Theorem |l|. □ 

4. Uniform Estimates 

In this section, we prove Proposition ^. From the local well-posedness theory, 
estimate ([l5]) always holds on some short interval around T n . The goal of the 
following Lemma is to allow us to stretch this interval up to the interval [Tq,T"]. 

Lemma 4 (Bootstrap). There exists v$ such that if > v%, then there exists 
To G K and no G N such that for all n ^ no the following property is satisfied for 
any t G [T ,T n \. 
If for all t G [to 5 T n ] we have 

'«?(*) 



then for all t G [ioj ^ r 



«?(*), 



?(*) 
?(*) 



Ri(t) 
i? 2 (t) 



^ e" 



H 1 xH 1 



H 1 xH 1 



1 

<2 e ' 



Before going further, we indicate how Lemma ^ is used to prove Proposition ^. 

Proof of Proposition |1. Let To, "o, be given by Lemma EL fix n > no and assume 
u* > Define 

tjl := inf{i t such that © holds for all t G [tf,? 1 ™]}. 

From the local well-posedness theory we know that tj < T™. We prove by contra- 
diction that tjj = To. Assume that fj > Tq. By Lemma |], for all i G [tj),T n ] we 
have 



«?(f) 



i?i(t) 
i? 2 (t) 



H 1 xH 1 



1 

< -e 
2 



Therefore, by continuity of (it™,-!^) 1 , there exists <| < such that ( pL5[ ) holds on 
[fj,T™], hence contradicting the minimality of tj. As a consequence, tjj = To and 
the proposition is proved. □ 

Before proving Lemma ^, we need some preparation. We will work for fixed n, 
hence dependency in n will only be understood, except for T n . In particular, we 
shall denote u\ by m, etc. Let (ei,£ 2 ) T G i/ 1 (R d ) x H 1 (R d ) be such that 



(16) 



Ri 
Ro 



Take to < T n an d assume the following bootstrap hypothesis: 



(17) 



El(t) 

e 2 W 



s£ e 



for all t G [to,? 1 ™]. 



H 1 xH 1 
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For j — 1, 2, we denote by Sj and Hj the functionals defined for the solitary wave 



Rj in the same way as So and Ho were for Ro in 
to what was happening in the works 




and (|Tl]). Note that, conversely 
we do not need to localize the 



functionals around each solitary wave, since in our case the coupling will act as a 



localizing factor. Let S be the functional defined for {w\, w 2 ) T G 

by 



x H l {l 



(18) 



S 



:= Si(wi) + S 2 (w 2 ). 



and H be the functional defined for (i, (w 1 ,w 2 ) J ) eBx H 1 {R d ) x H 1 (R d ) by 



H t 



W-2 



Hi(t,zui) + H 2 {t,w 2 ) 



A direct consequence of Lemma |T| on H is the following result. 

Lemma 5 (Vectorial Coercivity) . There exists c+ > such that for all t £ K and 
for all (m ll zu 2 ) J G H 1 ^) x ff 1 ^) we have: 



(19) 



V ro 2 



H 1 xH 1 



V3 2 



2. 



1,2 fc=l 



where (&) are given for for j 



1,2 by Lemma |J. 



Note that the use of coercivity properties is reminiscent from the stability theory 
for standing waves of scalar nonlinear Schrodinger equation developed in ||, |7| 
P8[ . However, in this theory, the functional equivalent to iS is a conserved quantity, 
which is not the case for S (remark that S is build upon the conserved quantities 
of the scalar problem and not upon those of ([]]) given in (p^|)-(|T^)). However, we 
will still be able to estimate the RHS of ( JTg| ) thanks to an L 2 (M d )-control (to deal 
with the scalar products) and thanks to the fact that S is almost a conservation 
law (to deal with %). 



Lemma 6 (L 2 (M d )-control). Let (ei,£2) T be given by ( |l6| ) and assume (17). Then 
there exists C > independent of such that for all t € [to,T™] the following 
estimate holds: 



ea(t) 



c 



L 2 xL 2 



Lemma 7 (Almost Conservation Law) . Assume (|17|). There exists Tq > depend- 
ing only on v\ , v 2 such that if to > To then there exists C > independent of n and 
of v+ such that for all t 6 [to,? 1 ™] the following estimate holds: 



(20) 



S 



ui(t) 
u 2 {t) 



-S 



u 2 (T" 



C 



— 2 ~/LJ i , V* t 



Before showing Lemmas ^ and 0, we prove Lemma ^. 

Proof of Lemma^. Let (ei,£2) T be given by (|l|), assume ( |l7j ) and assume also 
that to > To where To is given by Lemma 0. Let t € [to, T n ], By Lemma ||, we have 
the following estimate 



(21) 



ei(t) 
e 2 (*) 



H 1 xH 1 



e 2 {t) 



2. 



1,2 fc=l 



>i(*),#(*)) 
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Using that R\ and R 2 are critical points of Si and S 2 , we have 



(22) S 



«i(t) 
t*a(t) 



= S 



Ri(t) + Sl (t) 
Mt)+e 2 (t) 



S 



By Lemma [?], we have 



(23) 



S 



Ul(t) 

u 2 (t) 



Ri(t) 
R 2 (t) 



S 



H t 



61 (t) 

e 3 (t) 







£i(*) 
e 2 (t) 



3 

H 1 xH 1 



ui(T n ) 
u 2 (T n ) 



C 



By definition of {ui 1 u 2 ) 1 and since S is made of conserved quantities for R\ and 
i? 2 , we have: 



(24) 



S 



ui(T n ) 



S 



Ri(T n ] 
R 2 (T n [ 



S 



Ri(t) 
R 2 {t) 



From the bootstrap assumption ( |17| ) we have 
(25) O 



ei(t) 
e 2 (t) 



H 1 xH 1 J 

Combining (J22])-(|25|), we infer that, possibly increasing T , we have: 



(26) 



H t 



exit) 

e 2 (t) 



c 



-2a/u;*u* £ 



Hence to control the J ff 1 (M rf ) x if 1 norm it remains to control the L 2 (R d ) 
scalar products in the RHS of (|2l]) . This is done using Lemma ^| and remembering 



that the q are bounded in L 2 (R d ): 

(27) E E &■(*)'#(*))' < c 

.7=1,2 fe=l 

Combining @, @ and@ we get 

e 2 (t) 



e 2 it) 



C 



L 2 xL 2 



c 



H 1 xH 1 V^* v * 

Therefore, there exists t!j such that if > v$ then we have 



exit) 
ea(*) 

which is the desired conclusion. 



1 



H 1 xH 1 



□ 



The following estimate on the interaction of the two solitary waves will be central 
in the proofs of Lemmas |^ and 0. 

Lemma 8 (Solitary Waves Interaction). There exists C > depending on $ 1 ,$ 2 ; 
Ci>i,C4>2> MiiA^* but not on i!i,i>2 sucft that for all x G M d we /lave 



|i2i(t)||i? 2 (i)| 



i\Rxit)\ + \VRxit)\)i\R 2 it)\ + \VR 2 it)\) <Cil + \vx\ + \v 2 \)"e ? 



2-— f 
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Proof. Take < r\ < 1. Each verifies 

\^(x)\ + \V^(x)\^Ce-^\, 

where C — C(Qj). Using the definition (|J) of a solitary wave, we have for each Rj 
the estimate 

\Rj(t,x)\ + \VR 3 (t,x)\ < C(l + I^De-^l-^t-^l 
where C = C(&j,u!j, /ij). Therefore, 

(|#iMI + | V-Ri (*, a;) | ) (t, x) | + |Vfl 2 (t, x)\) 

< C(l + |«i| + |x; 2 |) 2 e~^V min J= 1 . 2 { w jHk-*>i*-^il+|z-t>2t-2!2|) i 

where C depends on <3?i, $2, wi,a>2 and jjL\, \i 2 . Let < 5 < rj. Since 
|(«i - v 2 )t\ 4i\x — vit\ + \x — v 2 t\, 

we infer that 

(\Ri(t,x)\ + I V«i (t, as) J ) (| i2a (t, a;) | + |Vi? 2 (<, 

^ C(l + + |^ 2 |^j 2 e — <5 V min J = 1 - 2 "L txJ J ^d 31- '"i* - 2:1 l + l^ — ^2*— a=2|) 

. e -( r l-5)\ / min j=1:2 {uj}\(vi~v 2 )t\ ^ 

where now C depends also on x±, x 2 . Choosing rj = ^ , S = ^ and remembering 
that oj* = I min{wi,tJ2} and v+ = \v± — v 2 \, we obtain 

{\Ri(t,x)\ + |VJ2i(t,x)|)(|Jk(t,a;)| + |Vi? 2 (^)l) 

^ C(l + + | t , 2 |)2 e -| v / ^(N-''i*-^il+l a: -- u 2*- a: 2|) e -|V^^t_ 

Taking the L 2 (R d ) —norm and using Cauchy-Schwartz inequality, we get 

(1^(4)1 + |Vi2i(*)|)(|i? 2 (t)| + |ViZ 2 (t)|) r2 

< C(l + |t7i| + I^D^-f^^He-i^lll^ 

<C(l + h| + |t*|)Vi^*', 
which is the desired conclusion. □ 

To prove the L 2 (R d )-control Lemma|, as in we adopt the following strategy. 
We first write the system satisfied by (ei,e 2 ) J . Then, we differentiate in time the 
L 2 (K d )-masses of E\ and e 2 , and estimate the result with e ~ 2 V u ^ v * t , Integrating in 
time finally allows us to gain the extra factor - . 

Proof of Lemma^. The couple (ei,£2) T satisfies the equation 



£2 / \£2 / \£2 

where C denote the linear part in (ex, e 2 ) T , Af the nonlinear part and T the source 
term. Precisely, we set 



e 2 r \L 2 (ei,e 2 )r \e 2 r \N 2 (e u e 2 ) I ' ' r \\R 2 \*RiJ ' 
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where 



L 1 (e 1 ,e 2 )\ Me 1 + (2 Ml |i? 1 | 2 + /3|i? 2 | 2 )e 1 +Aiifii£i+/3(i?ii? 2 £2 + i?i J R2£2) 
L 2 (e u e 2 ) J ^Ae, + (2 M2 |i? 2 | 2 + /?|i? 1 | 2 )e 2 + // 2 i?£e 2 + P{RxR 2 ex + RiR 2 £i) 

N 1 (e 1 ,s 2 )\ f/n (R 1 e 2 1 + 2R 1 \e 1 \ 2 + \e 1 \ 2 £ 1 
N 2 (e 1 ,e 2 )J {in {R 2 e 2 2 + 2R 2 \e 2 \ 2 + |e 2 | 2 e 2 

R 2 e 2 ei + R 2 e 2 ei + Ri\e 2 \ 2 + |e 2 | 2 £i 

i?l£~l£ 2 + i?i£i£ 2 + -R 2 |£i| 2 + |£i| 2 £ 2 



■p 



We make the computations for e±, the case of £ 2 being exactly symmetric. 

(28) ^M(ei) = ~ (||ei(t)||i,) = -Tm j {L x {e x ,e 2 )e x + N 1 (e 1 ,e 2 )ei 

+ /?|i?i| 2 i? 2 £i)dx. 

Using the bootstrap assumption (|l7|), we immediately obtain the following estimate: 



2m / Li(ei,e 2 )eidx 



2m / [i\R{e{ + /3(RiR 2 EiE 2 + R 1 R 2 £i£ 2 )dx 



<C(|| J R 1 || 2 Loo + || J R 2 || 2 ; oo )(||£ 1 ||^+||£ 2 |^ 1 ), 



(29) 



^ Ce 



Here, and in the rest of the proof, the constant C may depend on /3,/ii,/i 2 , 
$i, $ 2 , xi, x 2 , but not on v\, v 2 . This is due to the fact that \\R 



3 \\L° 



3 \\L° 



for j = 1,2. We consider now the nonlinear part. Since d ^ 3 we have the embed- 
ding of i? 1 (M d ) into L 3 (R d ) and L 4 (R d ) and therefore we can prove that 



2m j Ni{e±, E 2 )£\dx 

R d 



[1! (i?i£ 2 + 2i?i|£i| 2 + |£i| 2 £i) £idx 

P\{R 2 S 2 £l + R 2 e 2 £! + i?i|£ 2 | 2 + |£ 2 | 2 £i)£idx 



< cdl^n^ + H^II^XIMI^INI 2 ^ + ||£i|| 3 ffl + ||£i||^) 



(30) 



< Ce 



Last, in order to estimate the source term, we need to use also Lemma g in combi- 
naison with the bootstrap assumption (pT[). 



(31) 



Xm / |i? 2 | 2 i?i£i 



< \\R 2 \\ LOO \\\Ri\\R 2 \\\ L2 \\ei\\m <Ce~^ 



Combining (|2^)-(|3l|) we get: 



< Ce 



-2y/UJ* V* t 



Integrating in time and recalling that by definition we have e\(T n ) — 0, we obtain: 



M( 6l (i)) < 



M(£i(s)) 



ds < 



C 



which is the desired conclusion for £\. As already said, the calculations for £ 2 are 
perfectly symmetric, hence the lemma is proved. □ 
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Recall that S is build with scalar energies, masses and momentums. To prove 
Lemma 0, the idea is, as for the proof of Lemma [| to differentiate in time the various 
quantities involved in S (see ( [Ls| ) and (|l0|)), control the result with e - 2 V u ^ v * t anc l 
then integrate to gain the extra factor — . 

Proof of Lemma [J Since the scalar masses are conserved by the flow of (|l|) and 
(ui,u 2 ) J is a solution of ([[]), it follows immediatly that 

(32) \M( Ul (t)) - M( Ul (T n ))\ + \M(u 2 (tj) - M(u 2 (T n ))\ = 0. 
For the momentum part, we need to estimate 

h • (P( Ul (t)) - PMT"))) + v 2 ■ (P(u 2 (t)) P(u 2 {T n )))\. 
In fact, since the total momentum ( |l3| ) is a conserved quantity, we have to estimate 

(33) \( Vl - v 2 ) ■ (P( Ul (t)) P( Ul (T n )))\ = «*|P( Ul (t)) - P(«i(T«))|. 

Hence we differentiating at time t the scalar momentum P\. Using the system (Q) 
satisfied by (ui,u 2 ) T and integrations by parts, we obtain 



d_ 

Of 



P(ui) = —Xm I dtUiWuidx 



We recall that u\ — R\ + e\ and u 2 — R 2 + e 2 and replace in the previous equation 
to get 



(34) ^P(«i) 



1 



I^I'VI^I 2 + 2| J R 2 | 2 V(7^( J R 1 e 1 )) + |i? 2 | 2 V| £l | 



+ 27&(i?2£ 2 )V|i?i| 2 + 47^(i? 2 e 2 )V(7^(i?iei)) + 2'Re{R 2 e 2 )V\e 1 \ 2 

+ M 2 V|i?i| 2 + 2|£ 2 | 2 V(%(i?i£i) + |e 2 | 2 V|ei| 2 dx. 

We treat the various products appearing differently depending on their order in 
Rj and sj. When there is a product of R\ and R 2 or of their derivatives, we use 
Lemma |8|, as for the following term. 



(35) 



|i? 2 | 2 V|i?i| 2 dx 



<c||(|Px| + |Vie 1 |)|ik|||* a 



To deal with the 6j, we use the bootstrap assumption (|l7|). With the help of 
Cauchy-Schwartz and Holder inequalities and Sobolev embeddings, we get 



(36) 



\e 2 \ 2 V\ £l \ 2 dx 



<C||Vei|| i2 || £l || i6 ||£ 2 ||l 6 <(7 e 



We possibly combine the two arguments as follows. 



(37) 



'Re(R 2 e 2 )\7(Re(Rie 1 ))dx 

^III^KlPil + lVPxDII^HNdexl + lVexDII^ 

^c(i + M + H) 2 e-5v^*. 
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When there is an extra Rj that we cannot use with Lemma we just take its 
£°°(R d )-norm: 



(38) 



|i? 2 | 2 V(7^(i?iei))dir 



'Re{R 2 e 2 )V\R 1 \ 2 dx 

< C(\\Ri\\l- + \\R*h~)\\(\Ri\ + \VR 1 \)\R 2 \\\ L2 (\\\e 1 \ + |V £l ||| i2 + ||e a || £a ) 
The following estimate is obtained with similar arguments: 



(39) 



TZe(R 2 e 2 )V\ei\ 2 dx 



< ll^lli-lleill^llVeiH^llEall^^C. 



—3\/UJZ v+ 1 



After an integration by parts, the next product can be treated as in 



(40) 



|e 2 | 2 V(7^(i?iei))da; 



V\e 2 \ 2 {'Re{R 1 e 1 )dx 



Ce 



Before estimating the remaining two terms, we make a remark about || V|i?j| 2 || io 
From the definition of a solitary wave (||), we have 



This implies that 



-He 



\V\Ri 



2uj t - 
^ — ^-11$ 
Mi 



JUL" 



|V$ 



and in particular || V|-Rj| 2 || ioo does not depend on Vj. We can now write 



|£2| 2 V|i?i| 2 dx 



<||V|i2i|l ioo ||e 2 |£ a ^C\\e 2 \\> 



Here, if we use directly the bootstrap assumption (17), we will miss the correct 
estimate by a factor because of the v+ appearing in (|33j). However, remembering 

that we already improved ( |T7j ) at the L 2 (K d )-level in Lemma || we can conclude 
that: 



(41) 



M 2 V|i?i| 2 d2; 



c 



The last term is treated in a similar fashion after an integration by parts. 



(42) 



f |i? 2 | 2 V| £l | 2 dx 




f v|i? 2 | 2 | £l | 2 dx 








JR d 





C 



Take now T Q large enough so that u*(l + + \v 2 \) 4 e~^^ u * v * T ° < 1. With this 
assumption and the fact that t > T , we can now combine (|34|)-([42|), and argue in 
the same fashion for the scalar momentum of u 2 , to finally find: 



(43) 



€ Ce 



- 2 Wuj^v * t 
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for C depending on $i,$ 2 , Ui,u) 2 , Mi)A*2 but not on v\,v 2 . Therefore, we obtain 
the following control on scalar momentums 



(44) \ V1 • (P( Ul (t)) - P(«i(T"))) + v 2 ■ (P(u 2 (t)) - P{u 2 {T n )))\ 



v*\P( Ul (t)) - P(tti(T»))| < 



^A P(ui(s)) 



C 



Now, we treat the energy part. The direct approach consisting in trying to 
differentiate in time the energies E(uj 7 iJ,j) and then argue as for the momentums 
is bound to fail because of the appearance of terms like 



/ 2m(ei\'ei)Tle(e 2 'Ve 2 )dx, 



which, unless d = 1, we cannot treat with an H 1 (R d )-information like (|l7|). How- 
ever, if we use the conservation of the total energy £ we remark that: 



(45) E( Ul {t),fn) - E( Ul (T n ),^) + E(u 2 (t),n 2 ) - E(u 2 (T n ),^ 2 ) 

s 1 ~ £ (Sen) - P Jj\Mt)\ 2 \Mt)\ 2 - MnpMT")! 2 )^ 

= -0 [ (K(f)| 2 | U2 (t)| 2 -| Ul (T")| 2 | W2 (T»)| 2 )dx. 



Therefore, it is enough to prove that 



(46) 



(I^WHna^p + lnxCT")! 2 !^^)! 2 )^ 



C 



To obtain (ftq), we do not differentiate in time the LHS but instead we try to obtain 
the estimate directly. First note that by definition of (ui,u 2 ) J and Lemma || we 
have 



/ \ Ul (T n )\ 2 \u 2 (T n )\ 2 dx = [ |i? 1 (T")| 2 |i? 2 (T")| 2 dx 



< Ce 



< Ce 



As before, for the other part, we replace Uj by Rj + £j and develop. 



(47) / \ Ul \ 2 \u 2 \ 2 dx = / (|i? 1 | 2 |i? 2 | 2 + 2|i? 1 | 2 %(i? 2£2 ) + |i? 1 | 2 | £2 | 2 

+ 2'Re(R 1 e 1 )\R 2 \ 2 + 47^(i?i£i)7^(i? 2 e 2 ) + 27&(i?i£i)M 2 

+ N 2 |P 2 | 2 + |ei| 2 ^(i? 2 e 2 ) + | £l | 2 | £2 | 2 )dx. 
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The following estimates are obtained using the same arguments as in the momentum 
case, in particular Lemma Hand the bootstrap assumption (17). 



(48) 
(49) 
(50) 
(51) 
(52) 
(53) 
(54) 



\R x \ 2 \R 2 \ 2 dx 
2\R 1 \ 2r Re(R 2 e 2 )dx 
7^(i?i£i)|i? 2 | 2 cte 

i 

'Re{R 1 e 1 )'Re{R 2 e 2 )dx 
1Ze(R l e l )\e 2 \ 2 dx 
\e 1 \ 2 -Re(R 2 e 2 )dx 
\si\ 2 \e 2 \ 2 dx 



< CpxII^IH^II^III^II^II^ < Ce~i^\ 

< q|i? 2 || L=0 |||i?i||i? 2 ||| L2 ||£i|| i2 < Ce~i^ v *\ 

< q||i?i||i? 2 ||| i2 ||N|£ 2 ||| L2 ^ Ce-i^ v *\ 



< C||i?i|| L=0 ||ei|| i2 ||e 2 || L 4 < Ce 



<\\ei\\UmU<Ce- 
We need an extra argument for the two remaining terms. Indeed, we have 
\£i\ 2 \R2\ 2 dx 



< ||i? 2 || 2 „|| £l || 2 2 ^C|! £l || 2 2 , 



\Ri\ 2 \e 2 \ 2 dx 



< \\Ri\\ 2 L ~\\e 2 \\ 2 L2 ^C\\e 2 \\ 2 L2 



As for the momemtum part, if we use ( 
factor — — . However, using Lemma 



17| ) here, we miss the correct estimate by a 
, we can conclude that: 



(55) 
(56) 



|ei| 2 |-R 2 | 2 dx 
\Ri\ 2 \e 2 \ 2 dx 



c 



C 



Putting together (^7|)-(|56|) and assuming Tg large enough implies the desired esti- 
mate @. 

To conclude the proof, we combine ©, (El, @, @ to obtain (§3). □ 



5. Compactness of the sequence of initial data 

In this section, we prove Proposition 0. The proof is similar to the one given 
in |fl], |l9| and we repeat it here for the sake of completness. We again use the 
superscript n to indicate the dependency in n. 

From Proposition ^, we know that (u™(T ), u 2 (T )) T is bounded in H 1 (M. d ) x 
H 1 ^). Hence there exist (u?,u^) T £ H 1 {R d ) x H 1 ^*) such that 



(57) 



We now prove that convergence in fl57| ) holds also strongly in L 2 (R d ) x L 2 (R d ), 
the result of Proposition || then readily following by interpolation. Take <5 > 0, let 
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n be large enough and let T s € [T ,T™] be such that e -^ U7v * t 
Proposition ||, 



< 



Then, by 



(58) 

Take p$ > such that 
(59) 

l\x\>p 5 

Then we infer from (|58|) that 



u%(T 5 )l \R 2 (T 5 ) 



Ri(T s 



H 1 xH 1 



8 



f |JJi(T a )| 2 + |iZ2(Tj)| 3 da: < 

J|as|>p 4 



K(T 5 )\ 2 + \u%(T 5 )\ 2 dx < -. 



N>ps 

Our goal is transfer this smallness up to To. Let r 
such that 



be a C 1 cut-off function 



r(s) = for s < 0, r(s) = 1 for s > 1, r(s) e [0, 1] for s e R, ||r'|| L=0 < 2. 
Take Kg > and define 



|k?| 2 + |u?| 2 W 



M - PS 



dx. 



Then we have 



V'(t) = 1Ze / «<9 t < + u2d t u%) ■ 



Kg 



dx. 



Using the equation satisfied by u\ and after an integration by part, we obtain: 



-Re / u n x d t u n x T 



\A - ps 



><s 



(60) 



dx = Im / u"Au"t 



1 



M - PS 



Kg 



dx, 



Kg 



= —lm / u^j-r ■ V<t' 



Kg 



dx. 



From Proposition ^| we know that there exists no such that 



sup sup 

n>n te[T ,T' 



Therefore, we infer from (|60j) and similar computations for u 2 that 

1 

ks 

Choose now ks such that Ts ~ T ° < |. Then 



«?(*) 
ar cc 



«S 1. 



H 1 xH 1 



(61) 



V(T ) - K(T 4 ) = / T ° V(t)di < ^— ^ < 

JTa K S 2 



Set r 4 := Kg + pa (note that r 4 is independant of n). Since from ( p9| ) and the 
definition of r we have V(Tg) < |, we deduce from ( |6~l| ) that 

l«i(r )| 2 + K(T )| 2 dz < V(T ) < ,5. 

|a|>r 5 

Therefore the sequence «(T ), u£(T )) T is L 2 (R d ) x L 2 (R d ) compact, which con- 
cludes the proof. 
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